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We show that the one-dimensional (1D) electron systems
can also be described by Landau’s phenomenological Fermi-
liquid theory. Most of the known results derived from the
Luttinger-liquid theory can be retrieved from the 1D Fermi-
liquid theory. Exact correspondence between the Landau pa-
rameters and Haldane parameters is established. The expo-
nents of the dynamical correlation functions and the impu-
rity problem are also discussed based on the finite size cor-
rections of elementary excitations with the predictions of the
conformal field theory, which provides a bridge between the
1D Fermi-liquid and the Luttinger liquid.
71.10.Pm, 71.10.Ay, 72.15.Nj
Landau’s Fermi-liquid theory (FLT) [1] is a fundamen-
tal paradigm in condensed matter physics. However, as
suggested by many authors, the situation in reduced di-
mensions may be different. Especially in 1D, it is gen-
erally believed that the systems are marginal [2–4] and
the low temperature properties of the 1D gapless quan-
tum systems can be described by the Luttinger-liquid
theory (LLT) [5,6]. Even in 2D, Anderson showed that a
strongly correlated electron system may exhibit the main
characters of a Luttinger liquid [7]. A Luttinger liquid
generally has the following characteristics: (i). Its low en-
ergy excitations can be completely described by the col-
lective density waves, i.e., the sound waves (charge den-
sity fluctuation) and the spin density waves characterized
by two velocities vρ and vσ respectively; (ii). Various op-
erators exhibit anomalous dimensions determined by two
stiffness constants Kρ and Kσ, which lead to the nonuni-
versal power-law decay of correlation functions; (iii). The
momentum distribution of the physical particles is con-
tinuous at the Fermi surface.
In fact, the low temperature properties of a 1D gap-
less electron system are uniquely determined by four con-
stants vρ, vσ, Kρ and Kσ and the Haldane relations hold:
vNγvJγ = vγ
2, vJγ = Kγvγ , γ = ρ, σ , (1)
where vNγ and vJγ (γ = ρ, σ) are the velocities of excita-
tions induced by additional charges and currents, respec-
tively [5,6]. Some important thermodynamic quantities
such as the specific heat C, the susceptibility χ and the
compressibility κ are given by
C =
π
3
T (vρ
−1 + vσ
−1), χ =
1
πvNσ
, κ =
2
πvNρn
2
, (2)
where n is the density of electrons. Notice here we have
taken the Boltzman constant kB, the Bohr magneton µB
and the Planck constant h¯ as our units.
A notable fact is that the thermodynamics of a 1D
quantum system remains that of a Fermi liquid, while
the transport and dynamical properties do not. We note
that the thermodynamics depends strongly on the statis-
tics (with or without the Pauli’s exclusion) rather than
on the dimension of the system, while the transport co-
efficients are tensors and must be dimension-dependent.
Therefore, a question arises: Does Landau’s FLT com-
pletely break down in 1D or in some situations, it is still
applicable?
People against FLT in 1D is mainly due to the following
reasons (see Ref.6 and the references therein): (i).There
is generally spin-charge separation in 1D; (ii).The quasi-
particle residual ZpF at the Fermi surface is zero due to
the orthogonal catastrophe, and the relaxation rate of
quasiparticles has the same order of the quasiparticle en-
ergy even near the Fermi surface, which makes the quasi-
particle may not be well-defined. We start our discus-
sion by checking these differences between the 3D Fermi
liquid and the 1D quantum systems. As well known,
spin-charge separation effect also exists in the collective
modes of a Fermi liquid. For example, the velocity of
charge density fluctuation generally has a different value
from that of the spin fluctuations. The two sets of Lan-
dau parameters F sl and F
a
l are responsible to the charge
and spin phenomena respectively. In fact, spin-charge
separation is only a collective effect rather than a single-
particle effect. Therefore, it may not be an obstacle to
apply Fermi-liquid theory in 1D. The most serious prob-
lem in 1D is the zero quasiparticle residual and the large
scattering rate of quasiparticles. However, we note that
the momentum distribution of the quasiparticles< nps >
defined in the microscopic theory is rather different from
the quasiparticle number nps defined by Landau. The
former is only the mean value of the real particle number
in the ground state and has no cusp at the Fermi surface
for a 1D system, while the latter indeed has a perfect
jump at the Fermi surface. In Landau’s theory, nps is
nothing but the perfect Fermi-Dirac distribution function
with a nps-dependent quasiparticle energy ǫp. Recently,
some authors demonstrated that the Luttinger theorem
is also correct for the 1D systems [8]. That means some
characters of the non-interacting system must remain in
the corresponding interacting system. Traditionally, the
quasiparticle life-time are defined either by the imagi-
nary part of the self energy or by the relaxation time
in the semi-classical theory. For the first case, we note
1
that if we use the Green’s function of the quasiparticles
rather than that of the real particles, the imaginary part
of the self energy may be very small compared to the
real part, as long as the creation and annihilation oper-
ators of the quasiparticles are well-defined. This can be
seen in the following discussion for the integrable mod-
els. For the second case, we note that the relaxation
time is nothing but the response time of a quasiparticle
to an external perturbation. Without external perturba-
tion, the system must be in equilibrium and the collision
integral is exactly zero [9]. Therefore, the quasiparti-
cle relaxation time makes no sense to the equilibrium
properties. To clarify this, we consider the pure states
(eigenstates) of a 1D system. For a finite non-interacting
1D system, the quantum states are described by a se-
quence of integers Ij . Each Ij corresponds to a single
particle state with the momentum 2πIj/L. If we turn on
the interaction continuously, the distribution {Ij} must
not be changed since Ij are discrete while the interac-
tion is continuous. Therefore, an eigenstate of the in-
teracting system corresponds exactly to one of the non-
interacting system with the same quantum number {Ij}
and each allowed Ij may describe a quasiparticle state.
Without external perturbation, the distribution {Ij} is
time independent. Therefore, in a pure quantum state
we can say a quasiparticle has an infinite life-time and
is thus well defined. In the ground state, only N (parti-
cle number) states of Ij with the smallest absolute val-
ues are occupied. These occupied Ij states form a per-
fect Fermi sphere. In such a sense, the Luttinger theo-
rem is satisfied. In addition, the particle-hole excitations
can be constructed by moving some particles from the
Fermi sphere (thus leaving some Ij holes) up to higher Ij
states. This can be exactly shown in the integrable mod-
els [10]. In these models, the excitation energy is exactly
given by ∆E =
∑
p ǫ(Ip)−
∑
h ǫ(Ih), where ǫ(Ip) (ǫ(Ih))
is the dressed energy of the quasiparticles (holes) [10].
Also, the exact creation (annihilation) operator of the
quasiparticles R†(p) (R(p)) for the integrable models can
be constructed in the framework of the algebraic Bethe
ansatz [11]. Though these operators satisfy an nonlocal
commutation relation R†(p)R†(q) = S(p, q)R†(q)R†(p),
the Pauli exclusion principle holds for these quasiparti-
cles since the scattering matrix S(p, q) takes the value -1
when p = q. In fact, R†(p) is the exact creation opera-
tor of the eigenstates and has the perfect time evolution
form R†(p, t) = exp(iǫ(p))R†(p, 0).
Based on the above discussions, we can see that at least
for the equilibrium state, Landau’s Fermi liquid theory
is applicable in 1D. Caution should be taken only for the
transport properties and other non-equilibrium proper-
ties. We note a different approach, the so-called Landau-
Luttinger-liquid theory [12] based on the exact solution
of the Hubbard model was established by Carmelo et
al.. The quasi-particles are defined in the charge- and
spin-sectors respectively rather than in the conventional
way. This is the poineering work approaching to the
1D quantum systems along the line of the generalized
Fermi-liquid theory and obtained the related quantities
in a microscopic way [13,14]. The main conclusion of
the present letter is that almost all the known results
derived from the LLT can be retrieved from Landau’s
phenomenological FLT. The one-to-one correspondence
between the Landau parameters and the Haldane param-
eters can be established. The present results strongly
suggests that the Luttinger-liquid, the Landau-Luttinger
liquid and Landau’s conventional Fermi liquid are essen-
tially paralell in 1D.
A microscopic state of the Fermi liquid is described by
the quasiparticle distribution {nps}. In an equilibrium
state, nps takes the well known Fermi-Dirac form nps =
{exp[(ǫp−µ)/T ]+1}
−1, where µ is the chemical potential.
Notice that the quasiparticle energy ǫp is no longer a c-
number but a functional of {np′s′},
ǫp = ǫ
0
p +
1
L
∑
p′s′
fps,p′s′δnp′s′ + · · · , (3)
where ǫ0p is the energy of the quasiparticles in the ground
state, and fps,p′s′ is the Landau function which describes
the interaction of the quasiparticles. Since we consider
the low energy properties of the system, only the events
near the Fermi surface are important. Therefore, we
shall replace fps,p′s′ by its values at the Fermi points
p = ±pF , p
′ = ±pF . The Fermi momentum is given by
pF = πn/2. For convenience, we introduce the following
notations:
f s0 =
1
2
∑
r=±
∑
s′
fpF s,rpF s′ , f
s
1 =
1
2
∑
r=±
∑
s′
rfpF s,rpF s′ ,
fa0 =
∑
r=±
∑
s′
s′fpF s,rpF s′ , f
a
1 =
∑
r=±
∑
s′
rs′fpF s,rpF s′ , (4)
F s,a0,1 = N(0)f
s,a
0,1 ,
where N(0) is the density of states at the Fermi surface.
As the momentum per unit length is just the mass flux
of the system, we can easily deduce the effective mass of
the quasiparticles near the Fermi surface as
m∗ =
pF
vF
= 1 + F s1 . (5)
In another hand, the density of states per unit length of
the quasiparticles at the Fermi surface is
N(0) =
1
L
∑
p
δ(ǫ0p − µ) =
1
πvF
, (6)
where vF is the Fermi velocity. Notice that we have taken
the particle mass m as our unit. To derive some im-
portant quantities such as the compressibility κ and the
Drude weight D, we consider δnps induced by the exter-
nal pressure and flux Φ
2
δnps =
∂nps
∂ǫp
(δǫp − δµ−
p
|p|
δΦ). (7)
At low temperatures, with eq.(3) we find the following
relations hold
∂n
∂µ
=
2N(0)
1 + F s0
,
1
L
∂J
∂Φ
=
2N(0)
1 + F s1
, (8)
where J =
∑
p,s p/|p|nps is the chiral current. From this
we obtain
κ ≡
2
πn2CNρ
=
2
πn2vF
1
1 + F s0
,
D ≡
2
πCJρ
=
2
πvF
1
1 + F s1
. (9)
Similarly, the following relations hold
∂M
∂H
=
2N(0)
1 + F a0
,
1
L
∂Jσ
∂Φσ
=
2N(0)
1 + F a1
, (10)
and the magnetic susceptibility χ and the spin Drude
weight Dσ are given by
χ ≡
1
πCNσ
=
1
πvF
1
1 + F a0
,
Dσ ≡
1
πCJσ
=
1
πvF
1
1 + F a1
, (11)
where M and Jσ are the magnetization and the spin
current induced by the magnetic field H and the spin
flux Φσ respectively. Notice above four new parameters
CNρ , CJρ , CNσ , CJσ are defined. They are nothing but
the zero sounds in a 1D Fermi liquid. As the tempera-
ture is lowered, the mean quasiparticle scattering time τ
increases and, for fixed frequency, ωτ increases. As ωτ
nears one, the quasiparticles no longer have time to relax
in one period of the sound; the liquid then no longer re-
mains in local thermodynamic equilibrium, and the char-
acter of the sound propagation begins to change. If there
is no quasiparticle collision, fps,p′s′ , then in the collision
regime ωτ >> 1, the excess quasiparticles in a fluid ele-
ment with increased density simply diffuse away, without
driving the neighboring elements. However, as Landau
observed, if there are quasiparticle interactions, then a
local increase in the density of a fluid element can drive
neighboring elements via the modification of the effec-
tive field
∑
p′s′ fps,p′s′δnp′s′(x, t). Such restoring forces
between neighboring elements can give rise to a sound-
like collective modes of oscillation of the fluid, called zero
sound.
For the liquid in nonequilibrium and inhomogeneous
situations that differ slightly from the equilibrium state
of the homogeneous liquid, the state of the liquid can be
specified by the quasiparticle distribution nps(x, t) as a
function of position and time, which satisfies the Landau
kinetic equation [1,9]
∂nps(x, t)
∂t
+
∂
∂p
ǫp(x, t)
∂
∂x
nps(x, t)
−
∂
∂x
ǫp(x, t)
∂
∂p
nps(x, t) = I[np′s′ ], (12)
where I[np′s′ ] is the collision integral. We remark that
the above equation may not be reliable in 1D due to the
short collision time. However, for p = ±pF it is correct
in any dimensions, since in this case the quasi-particles
have an infinite long life-time, and the collision integral
is exactly zero. In this case, (12) can be linearized ap-
proximately as
(
∂
∂t
+ vp
∂
∂x
)δnps(x, t)− (
∂n0ps
∂ǫp
)vp
∂
∂x
δǫp(x, t) = 0, (13)
where δǫp(x, t), the effective field that drives the quasi-
particles, is given by
δǫp(x, t) = U(x, t) +
1
L
∑
p′s′
fps,p′s′δnp′s′(x, t). (14)
Assuming the external field U(x, t) = U exp i(qx− ωt),
we have δnps(x, t) = δnps(q, ω) exp i(qx− ωt), and
∂n0ps
∂ǫp
qvp(U +
1
L
∑
p′s′
fpsp′s′δnps(q, ω))
+(ω − qvp)δnps(q, ω) = 0. (15)
If we write δnps in the form δnps = −∂n
0
ps/∂ǫpνps, then
the νps obey
νps −
qvp
ω − qvp
N(0)
∑
p′s′
fps,p′s′νp′s′ =
qvp
ω − qvp
U. (16)
Notice above p = ±pF and v±pF = ±vF . By solving
the four coupled linear equations, we easily obtain the
velocities of the four branch zero sounds
C0ρ = vF (1 + F
s
0 ), C
0
Jρ
= vF (1 + F
s
1 ),
C0σ = vF (1 + F
a
0 ), C
0
Jσ
= vF (1 + F
a
1 ). (17)
These quantities are exactly the same given in (9) and
(11). The former two correspond to the zero sounds of
charges and the latter two correspond to those of the
spins, respectively. In fact, the zero sounds describe the
motions of the whole Fermi sphere’s deformation in the
extreme collisionless limit ωτ >> 1. For each sector (spin
and charge), there are only two such modes in 1D. One
is the breath mode of the Fermi sphere and the other
is the oscillation of the whole Fermi sphere around the
equilibrium position. The situation is very different from
that of the Fermi liquid in 3D, where there are an infinite
number of zero sounds.
At frequencies ω sufficiently small that ωτ << 1, sound
in Fermi liquids takes the form of ordinary hydrody-
namic; or first sound. The sound velocity Cρ can be
given by
3
Cρ =
√
n∂µ/∂n = vF
√
(1 + F s0 )(1 + F
s
1 ). (18)
In fact, in the hydrodynamic limit, the density fluctua-
tion δn(x, t) satisfy the following equation
∂2δn
∂t2
−
∂2
∂x2
δP = 0, (19)
where δP is the variation of the pressure and can be
approximated by n(∂µ/∂n)T=0δn = Cρ
2δn. If we put
δn(x, t) as a quantum field rather than a semiclassical
quantity, with the canonical quantization
[δn(x, t), ∂tδn(x
′, t)] = iδ(x− x′), (20)
the density fluctuations in 1D Fermi liquid can be simply
“bosonized” as
Hb =
∫
[(
∂δn
∂t
)2 + Cρ
2(
∂δn
∂x
)2]dx. (21)
Such an effective Hamiltonian is exactly the same derived
in the Luttinger liquid theory. The spin density fluctu-
ations can be quantized in a similar way with the spin
wave sound velocity
Cσ = vF
√
(1 + F a0 )(1 + F
a
1 ). (22)
In 1D, the sound waves can be understood as the lin-
ear combination of an infinite number of quasiparticle-
hole excitations with the same momentum q. In such a
sense, the low-lying quasiparticle-hole excitations can be
completely included in the collective modes, i.e., the first
sounds. The specific heat of the system is thus given by
C =
π
3
(
1
Cρ
+
1
Cσ
)T. (23)
By comparing the measurable quantities derived from
FLT and those from LLT, we can easily deduce that an
exactly one-to-one correspondence exists between the pa-
rameters of the 1D Fermi liquid and those of the Lut-
tinger liquid:
CNγ = vNγ , CJγ = vJγ , Cγ = vγ , γ = σ, ρ. (24)
In addition, the Haldane relations are also satisfied in the
Fermi liquid description
CNγCJγ = C
2
γ , CJγ = KγCγ , (25)
where the stiffness constants in the Luttinger liquid the-
ory can be expressed by the Fermi liquid parameters as
Kρ,σ =
√
1 + F s,a1
1 + F s,a0
. (26)
An interesting fact is that all the quantities of the forward
scattering g-ology model (spin-1/2 Luttinger model) ob-
tained from the bosonization method [5,6] are exactly the
same to those derived from FLT with the notation cor-
respondence: g4ss′ = fpF s,pF s′ , g
2
ss′ = fpF s,−pF s′ . Such
a correspondence has also been pointed out in a recent
review [15].
The correlation functions can not be derived from FLT
in a microscopic way since the theory itself is phenomeno-
logical. However, we know that 1D quantum systems are
conformally invariant at zero temperature [16] and the
exponents of a variety of correlation functions are directly
related to the finite size corrections of the corresponding
elementary excitations [17] which can be easily derived
from the present theory. In a 1D Fermi liquid, there
are only three types of elementary excitations in each
sector, i.e., the small momentum particle-holes, the 2kF
particle-holes or the currents and the additional charges.
The finite size correction for the excitation energy of a
1D Fermi liquid can be derived from (8), (10) and (21)as
∆F =
∑
γ=ρ,σ
2πCγ
L
[I+γ + I
−
γ +
∆Nγ
2
8Kγ
+
1
8
Kγ∆Jγ
2], (27)
where I±γ are integers and the superscripts ± character
the two Fermi points, ∆Nγ and ∆Jγ are the numbers
of additional charges and currents respectively. What a
nice thing is that all the critical exponents we obtained
are just the same to those derived from LLT [6].
Now we turn to the impurity problem in 1D. As
pointed out by Kane and Fisher [18], an impurity in a
1D gapless system cuts the chain into disconnected and
therefore has a serious effect to the transport proper-
ties, while those in 3D only induce the residual resis-
tivity. Generally, a (d − 1)-dimensional defect in a d-
dimensional host must has a remarkable effect to the
transport coefficients in the direction perpendicular to
the defect “plane”. A point impurity in 1D falls the case
while in 3D does not. The transport of electrons through
the impurity in 1D can be described as a tunneling effect
[19] and is perturbationable based on the open boundary
fixed point. Such a system is equivalent to a periodic one
with doubled length and doubled particle number. How-
ever, the quasiparticle states (k, σ), (−k, σ) correspond
to the same state due to the reflection symmetry. That
means the current excitation is forbidden. With the pre-
dictions of the boundary conformal field theory [20], the
anomaly dimensions of a variety boundary operators can
be derived from the finite size correction as
xb =
∑
γ=ρ,σ
[Iγ +
∆Nγ
2
4Kγ
], (28)
where Iγ are non-negative integers characterizing the
particle-hole excitations. Suppose the impurity is sited
at the origin. The tunneling current through it can be
written as
J(x, y) ∼ −i[C†σ(x)Cσ(y)− h.c], x ∼ 0
+, y ∼ 0−. (29)
4
¿From (28) we obtain the asymptotic time correlation
function
< [J(x, y|τ), J(x, y|0)] >∼ τ−K
−1
ρ −K
−1
σ . (30)
Therefore, the tunneling resistivity for the spin-rotational
invariant systems (Kσ = 1) has the asymptotic form
ρi(T ) ∼ T
1−K−1ρ , (31)
which also coincides with the result derived from LLT
[18,21,22].
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